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Abstract. A methodology for approximating a class of superposition processes is presented. 
This technique is insensitive to the traffic rate and performs well for both low and high tratlic 
rates. Furthermore, an example is presented, and the approximation results are compared 
against those from en independent simulation study. 
1. INTRODUCTION 
The primary objective of this paper is to present a methodology for approximating a class 
of stationary superposition processes with identically distributed interarrival times. In this 
approach, the dependencies among the interarrival times will be ignored a&l only the coef- 
ficient of variation (c.v.) of the distribution of the interarrival time must be approximated. 
Hence, a stationary superposition process will be approximated with a compcltible renewal 
process. 
Superposition arrival processes are extensively encountered in various performance model- 
ing applications in the areas of telecommunication, transportation, manufacturing, service, 
and computer systems. For applications of the superposition processes in manufacturing 
and telecommunication networks, see [Pourbabai 1987, 1989-a] and [Pourbabai 1988, 1984 
b, 19901, respectively. Moreover, for an overview of the approximation literature of the 
superposition processes, see [Albin 1982, 1984, 19861, [Whitt 1982, 1983, 19851, and his 
references. For some specific mathematical properties of the superposition processes, see 
[Serf020 19771, [S riram 19851, and their references. 
The organization of this paper is as follows. In Section 2, the approximation methodology 
is delineated; and in Section 3, the approximation results are presented and compared against 
those from a simulation study. 
2. APPROXIMATION METHODOLOGY 
Let L be the total number of the stationary non-renewal processes which will form the 
superposition process; i (1 to L) be the index of the (i)-th process which will be merged with 
the superposition process; A” and C” be the rate and the C.V. of the superposition process; 
Xi and Ci be the rate and C.V. of the distribution of the (i)-th stochastic process which will 
be merged with the superposition arrival process; and qi be a weighing factor which shows 
what fraction of the superposition arrival rate corresponds to the arrival rate of the (i)-th 
stochastic process, which will be merged with the superposition arrival process. That is, 
Qi = Xi/X*, for i = 1 to L. 
The basic idea motivating the formulation of the proposed approximation methodology 
is as follows. One could decompose (e.g., thin) an arbitrary arrival process into L different 
thinned processes such that the stationary probability of assigning an arbitrary unit (at the 
instant of the assignment) to the (i)-th thinned process is qi, for i = 1 to L. Similarly, one 
may also be able to reverse the decomposition process by merging the same L thinned arrival 
processes into a superposition arrival process (though, because of the resulting dependencies 
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due to the decomposition, not necessarily the same original superposition arrival process 
may be resulted). For example, if an ordinary renewal process is decomposed into L thinned 
processes according to qi, for i = 1 to L, then the original renewal arrival process c&be 
approximated as follows. As discussed in [Gnedenko 19651, the following parameters can be 
obtained for decomposition of an ordinary renewal process into L thinned processes 
Xi = Qi A”, 
Ci = J1- qi +QiC". 
Thus, the parameters of Ad and C” can be derived as follows 
A” = 2 xi, 
i=l 
2C: =k(I-qi +QiCda)- 
i=l kl 
Expression (4) can further be simplified and represented, as follows 
i-J-= l-L+&-?. 1 i=l 
(1) 
(2) 
(3) 
(4) 
(5) 
The above expression can be used in approximating the C.V. of the distribution of the inter- 
arrival time of the corresponding superposition process. Notice that qi does not influence 
C”. However, C” is a function of Ci which is a function of Ai, for i = 1 to L. Now, based on 
expression (5), a methodology is presented to approximate a stationary superposition pr* 
cess. For this purpose; first, ignore the dependencies amongst the interarrival times of the 
superposition arrival process; second, given that the parameters of Xi and Ci of the (i)-th 
stochastic process which will be merged with the superposition arrival processes, are known 
for i = 1 to L, use expressions (3) and (5) to approximate the )r’ and C” parameters of the 
superposition process; third, fit a compatible phase type distribution to the corresponding X” 
and C” parameters of the superposition process. That is, the stationary superposition pro- 
cess will be approximated with a compatible phase type distribution, based on expressions 
(3) and (5). It is noted that the only novel feature of the proposed approximation 
methodology is in using expression (5). 
In the next section, to investigate the accuracy of the proposed methodology, a non- 
renewal superposition arrival process is generated by an independent simulation program, 
and then the values of C” from the simulation study are compared with those from the 
expression (5). 
3. NUMERICAL RESULTS 
In this section, an example is presented to study the quality of the heuristic algorithm. In 
this example, a non-renewal superposition process will be generated by using the output 
from a GI/M/l queueing system (with a renewal input and a single Markovian server), which 
is known to have a non-renewal output (except for a Poisson input case), see [Daley 19761. 
In this example, we consider a network consisting of 11. queueing nodes. The topology of 
these nodes is as follows, the first node feeds the next 10 queueing nodes (which are placed 
in a parallel position with respect to one another). The output from the first GI/M/l 
queueing node is the input into the next ten parallel G/M/l queueing nodes (each with 
a non-renewal input), and the output from those ten parallel nodes forms a superposition 
process. Moreover, we set qi = .l for i = 1 to 10. Notice that the resulting superposition 
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Figure 1. C.Y. of the distribution of the interarrival time of the super position 
procear vs. C.V. of the distribution of the interarrival time of the original arrival 
process, for X0 = .2. 
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Figure 2. C.V. of the distribution of the interarrival time of the super position 
process vs. C.V. of the distribution of the interarrival time of the original arrival 
process, for Xa = .8. 
departure process of those ten parallel G/M/l queueing nodes and the resulting departure 
process from the 12-th node are also non-renewal. 
In this study, we are interested to approximate the resulting superposition non-renewal 
arrival process from those ten G/M/l queueing nodes. For this purpose, the values of C” 
(e.g., the C.V. of the distribution of the interdeparture time of the superposition departure 
process) from the simulation study with those from expression (5) are compared. To generate 
the simulation results in Figures 1 and 2, the SLAM simulation package of [Pritsker and 
Pegden 19791 was used. In Figures 1 and 2, X” and C” denote the arrival rate and the C.V. of 
the distribution of the interarrival time of the original renewal process arriving at the only 
GI/M/l queueing system (which feeds the other ten parallel G/M/l queueing nodes). In 
this example, arbitrarily the values of the service rates of all the eleven queueing nodes are 
set equal to one. Each simulation outcome is obtained based on 100,000 departing units. 
In the simulation study, to generate the arrival process at the GI/M/l queueing system, 
for the cases with the C.V. of the distribution of the interarrival time at the first GI/M/l 
26 B. POURBABAI 
queueing node being greater than or equal to one, a hyperexponential distribution with two 
parameters and balanced means is used, and for the cases with the C.V. of the distribution 
of the interarrival time less than one, a shifted exponential distribution is used, see [whitt 
19821 and [Pourbabai 19901. A s can be observed in Figures 1 and 2, for both low and high 
traflic intensities, and for 4.5 > C” > .5, the values of C” are accurately approximated. 
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